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Bartels (1996)

What is the question? What is at stake?
What specific choices does he study?
What types of things does he use to explain choices?
Some strengths of the study?
Some weaknesses? How would they potentially change
conclusion?
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Distributions: notation

Standard Normal(0,1) pdf and cdf as, respectively,

φ(ε) =
1√
2π

exp
{
−ε

2

2

}

Φ(ε) =

∫ ε

−∞
φ(z)∂z

Notes:
CDF has no closed form expression
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Distributions: notation

Type I extreme value (EV I; Gumbel) pdf and cdf as, respectively,

λ(ε) = e−ε exp{−e−ε}

Λ(ε) = exp{−e−ε}

Notes:
CDF has closed form expression
standard presentation makes no reference to parameters
like the standard normal, they are implicit
there exists a generalized gumbel,
and other variations on extreme value distributions
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A standard normal densty, φ(x)
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Overlay a gumbel, λ(x)
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Overlay of gumbel λ(−x)
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Density of the maximum value from standard normal
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Get n draw from φ(x), keep biggest; repeat m times; plot density
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Same distribution of maxima, rescaled
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Overlay gumbel
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EVD come from maxima with large n; λ(x) is one of three classes.
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x1,x2 each drawn independently from φ(x)
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density of x1
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overlay density of -x2
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overlay density of x1-x2
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x1-x2 is normally distributed
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x1,x2 each drawn independently from λ(x)
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f(x1)

−4 −2 0 2 4

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

x

f(
x)

Jonathan Wand (Stanford University) Statistical Methods III: Spring 2013 Choice models: mathematical 24 / 64



f(-x2) overlay
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f(x1-x2)
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logistic distribution
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Derivation of logistic distribution

Theorem
If X1 and X2 are i.i.d. Gumbel RV, then X1 − X2 has cdf

Fx1−x2(z) =
1

1 + e−z ( logistic cdf )
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Derivation of logistic distribution

Let X be i.i.d. Gumbel RV
then cdf is,

Λ(z) =

∫ z

−∞
λ(x)dx

=

∫ z

−∞
e−x exp{−e−x}dx

= exp{−e−z}

and keep in mind, equivalent statements

Λ(z) = FX (z) = P(x < z)
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Derivation of logistic distribution
Fx1−x2(z) = P(x1 − x2 < z)

= P(x2 < z + x1)

=

∫ ∞
−∞

λ(x1)

∫ z+x1

−∞
λ(x2)dx2dx1

=

∫ ∞
−∞

λ(x1)Λ(z + x1)dx1

=

∫ ∞
−∞

e−x1 exp{−e−x1}exp{−e−(z+x1)}dx1

=

∫ ∞
−∞

e−x1 exp{−e−x1 − e−(z+x1)}dx1 [exey = ex+y ]

=

∫ ∞
−∞

e−x1 exp{−e−x1 − e−zex1}dx1

=

∫ ∞
−∞

e−x1 exp{−e−x1(1 + ez)}dx1 [a + ab = a(1 + b)]
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Derivation of logistic distribution
Fx1−x2(z) = P(x1 − x2 < z)

= P(x2 < z + x1)

=

∫ ∞
−∞

λ(x1)

∫ z+x1

−∞
λ(x2)dx2dx1

[...]

=

∫ ∞
−∞

e−x1 exp{−e−x1(1 + ez)}dx1 [a + ab = a(1 + b)]

=
w
w

∫ ∞
−∞

e−x1 exp{−e−x1w}dx1 [w = 1 + exp{−z}]

=
1
w

∫ ∞
−∞

e−x1w exp{−e−x1w}dx1 [elog(w) = w ]

=
1
w

∫ ∞
−∞

e−y exp{−e−y}dy [y = x1 + log(w)]

=
1
w

=
1

1 + e−z
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Theoretical foundations of Choice models

Two main approaches to deriving models of discrete choice:
1 Discriminal process (Thurstone, 1927)

Most often associated with models of choice based on normal
distributions (probit)

2 Axiomatic derivation (Luce, 1959; McFadden)
Most often associated with models of choice based on logistic
distribution (logit)
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Thurstone: discriminal process

Logic of the discriminal process
1 Assume each object has a utility

I Thurstone deals with a single attribute, posits a psychological
continuum

I the utility for item i is defined as ui .
2 Assume utility includes a random component.

I Thurstone used Normal distribution, but acknowledged
arbitrariness.

I ui = µi + εi where εi ∼ N(0, σ2)

3 Individual picks item with the higher utility
I A relative comparison, requiring only simple inequality statements.
I choose item j over k if uj > uk .

Jonathan Wand (Stanford University) Statistical Methods III: Spring 2013 Choice models: mathematical 36 / 64



Thurstone: discriminal process
General binary choice, alternative j vs alternative k

P(j , k) = P(uj > uk )

= P(µj + εj > µk + εk )

= P(µj − µk + εj > εk )

= P(µj − µk > εk − εj)

If each ε is iid Gumbel, then
P(j , k) = P(uj > uk )

= P(µj − µk > εk − εj)
= P(z > δ) = F (z)

where
I z = µj − µk
I δ = εk − εj ,
I and F is logistic cdf.
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Thurstone: discriminal process

Assume ε is iid Gumbel, then

P(j , k) = P(uj > uk )

= P(µj − µk + εj > εk )

=

∫ ∞
−∞

λ(εj)

∫ µj−µk+εj

−∞
λ(εk )

=

∫ ∞
−∞

λ(εj)Λ(µj − µk + εj)

=

∫ ∞
−∞

λ(εj)Λ(µj − µk + εj)

=
1
w

∫ ∞
−∞
−e−εj w exp{−e−εj w}

=
1
w

=
1

1 + exp{−(µj − µk )}
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Thurstone: discriminal process

Assume ε is iid N (0, σ2
i )

Recall, for independent normal distributions

N (µi , σ
2
i )−N (µj , σ

2
j ) = N (µi − µj , σ

2
i + σ2

j )

So,

P(j , k) = P(µj − µk > εk − εj)

=

∫ µj−µk

−∞

1√
2π(σ2

j + σ2
k )

exp

− z2

2
√
σ2

j + σ2
k

 ∂z

= Φ

 µj − µk√
σ2

j + σ2
k
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Bartels (1996)
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Bartels (1996)
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Thurstone: what is identified?

For each individual i , let
xi be observed data
γi be a parameter

Consider three scenarios
Given µi = xiγi

Given µi = xγi , i.e., xj = xk = x
Given µi = xiγ, i.e., γj = γk = γ

Question: what can be identified in a discriminal model?
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Thurstone: what is identified?
Given,

P(j , k) =
1

1 + exp{−(µj − µk )}

and µi = xiγi , consider what can be identified?

If xj = xk = x , then

P(j , k) =
1

1 + exp{−x(γj − γk )}
=

1
1 + exp{−xβ}

where β = γj − γk .

If γj = γk = γ, then

P(j , k) =
1

1 + exp{−β(xj − xk )}

where β = γ.
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Thurstone: what is identified?

Given,

P(j , k) = Φ

 µj − µk√
σ2

j + σ2
k


and µi = xiγi , consider parameters are identified?

If xj = xk = x , then

P(j , k) = Φ

x
γj − γk√
σ2

j + σ2
k

 = Φ (xβ)

where β =
γj−γk√
σ2

j +σ2
k

.
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Thurstone: what is identified?

Given,

P(j , k) = Φ

 µj − µk√
σ2

j + σ2
k


and µi = xiγi , consider what can be identified?

If γj = γk = γ, then

P(j , k) = Φ

(xj − xk )
γ√

σ2
j + σ2

k

 = Φ
(
(xj − xk )β

)
where β = γ√

σ2
j +σ2

k

.
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Logit and Probit, CDF
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Logit and Cauchit (t), CDF
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Axiomatic Foundations of Choice Models

Assumptions
D1 Let R ⊂ S ⊂ T ⊂ U.
D2 Let x , y , z ∈ T , arbitrary elements of choice set.
D3 Let P(x , y) be the probability of choosing x instead of y ,

0 < P(x , y) < 1.
D4 PS(R) is the probability of choosing R given choice from among

alternatives in S.
Choice Axiom

(i) PT (R) = PS(R)PT (S)

(ii) If P(x , y) = 0 for some x , y ∈ T , PT (S) = PT−{x}(S − {x})
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Axiomatic Foundations of Choice Models

Axiom of Choice
Defines relationship which defines how choices within subsets are
related in the context of an individual making probabilistic choices.
Can be rewritten as PT (R | S)PT (S) = PT (R)

Two core implications,
Lemma 3: Independence of Irrelevant Alternatives (IIA)
Theorem 3: Probability must satisfy a ratio scale
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Axiomatic Foundations of Choice Models
Lemma 3 (Independence from irrelevant alternatives):
For x , y ∈ S,

P(x , y)

P(y , x)
=

PS(x)

PS(y)

Proof:
By Axiom we have

PS(x) = P(x , y)[PS(x) + PS(y)]

So

PS(x) = P(x , y)[PS(x) + PS(y)]

PS(x) = P(x , y)PS(x) + P(x , y)PS(y)

(1− P(x , y))PS(x) = P(x , y)PS(y)

P(y , x)PS(x) = P(x , y)PS(y)

P(x , y)

P(y , x)
=

PS(x)

PS(y)
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Axiomatic Foundations of Choice Models

Luce Lemma 3 (Independence from irrelevant alternatives):
What does this mean?

relative probability of choosing two alternatives is invariant to the
composition of the larger set of alternatives.
Only ratio is invariant, not probabilities themselves
Might also hear that log-odds of two choices are constant:
log(PS(x))− log(PS(y)) = c.
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Axiomatic Foundations of Choice Models

Luce Lemma 3 (Independence from irrelevant alternatives):
Why so cool?

can estimate parameters defining utility of choices even with only
a subset.
** Not generally possible if IIA does not hold (e.g., correlation
between utilities of choices)—then to estimate any choice must
model all choices.
** Neither holds in general for models of choice (by design) nor is
it plausible that it in general holds empirically.
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Axiomatic Foundations of Choice Models

Theorem 3: choice probability is ratio scale
∃v : T → <+, unique up to multiplication by k > 0, such that

PS(x) =
v(x)∑

y∈S v(y)
=

1
1 +

∑
y∈S−{x} v(y)/v(x)

McFadden and Yellot have each pointed out the connection to logit
models by setting v(x) = ex .

E.g.,

P(x , y) =
v(x)

v(x) + v(y)
=

eµx

eµx + eµy
=

1
1 + eµy/eµx

=
1

1 + e−(µx−µy )

Yellot shows that discriminal process based on Type I discrete value
distribution is uniquely equivalent to Choice Axiom.

Jonathan Wand (Stanford University) Statistical Methods III: Spring 2013 Choice models: mathematical 55 / 64



Axiomatic Foundations of Choice Models

Let S ∈ {1,2,3}, and PS(j) be probability of choosing j from S,

PS(y = 1) =
1

1 + eµ2−µ1 + eµ3−µ1
=

eµ1

eµ1 + eµ2 + eµ3

PS(y = 2) =
1

1 + eµ1−µ2 + eµ3−µ2
=

eµ2

eµ1 + eµ2 + eµ3

PS(y = 3) =
1

1 + eµ1−µ3 + eµ2−µ3
=

eµ3

eµ1 + eµ2 + eµ3

So,

PS(y = 1)

PS(y = 2)
=

eµ1

eµ2
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Axiomatic Foundations of Choice Models

Let T ∈ {1,2}, and PT (j) be probability of choosing j from T ,
Recal logit (special case of MNL),

PT (y = 1) =
1

1 + eµ2−µ1
=

eµ1

eµ1 + eµ2

PT (y = 2) =
1

1 + eµ1−µ2
=

eµ2

eµ2 + eµ2

So,

PT (y = 1)

PT (y = 2)
=

eµ1

eµ2
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Axiomatic Foundations of Choice Models

Comparing probabilities of choosing 1 and 2 in logit and MNL,

PT (1)

PT (2)
=

eµ1

eµ2
=

PS(1)

PS(2)

MNL conforms to Choice Axiom/IIA.

See Yellot (1977) and McFadden (1973) for connections between Luce
and EV Type 1.
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