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1 Introduction

This paper considers the comparison of theoretical models based on their ability to specify an (a

priori unknown) functional relationship between variables. A common prediction of social science

models is that there exists a monotonic relationship between two variables. A wide range of

additional functional relationships arise in comparative statics and informal theories, including

unimodal or U-shaped curves, the symmetry of curves, and convexity or concavity.

Adjudicating among functional predictions requires solving two distinct challenges. First, it

requires a method of estimation to find the best fitting curve that satisfies the predictions of each

theory. Second, it requires a method of inference for comparing the relative fits of multiple models.

There is considerable research in each of these areas separately. Research into the estimation of

functions subject to shape restrictions has a long history, beginning with tests for ordered means.

Comparisons of models have been limited to tests of single shape restricted function versus a simple

alternative, such as linear versus unconstrained means; linear versus monotonic, or monotonic versus

a constant.

Model comparisons have a long history as well. They generally find the best model among a set

(model selection) or testing a benchmark model against a set of alternatives (model validation). In

the context of competing social science theories, it is desirable to avoid privileging one theory over

another by treating one as a benchmark. Picking among models, even if we can identify the best

model, the question is which (if any) of the alternative models fit significantly worse.

Making comparisons between models where one has shape constraints is difficult. The dimen-

sionality of the parameter space of a shape constrained model is probabilistic rather than fixed (the

number of free parameters can vary across samples). as such, the distribution of test statistics are

mixtures that are often difficult to characterize. The framework I present here provides a natural

means by which to compare both nested and non-nested shape constraints with arbitrary differences

in the distribution of their dimensionality.

This paper develops a method for combining shape constrained estimation with multiple com-

parisons. Estimation is based constrained ordered mean, and shape constrained splines. Adju-

dication of models is based on the Model Comparison Set of Hansen, Lunde, and Nason (2011).

Comparing the models hinges on obtaining an estimate of the effective degrees of freedom (Shi-

bata, 1997). Constrained estimation is achieved by a constrained optimization on ordered means

(Barlow, Bartholomew, Bremer, and Brunk, 1972) or sequence of spline coefficients (Wand, 2010).
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2 Functional relationships

Consider a bivariate functional relationship, where we seek to characterize the average mapping

between x and y,

E[yi | xi] = f(xi)

Insights from theories are commonly about the sign of a first derivative over the the range of the

x, or subintervals, and sometimes higher order derivatives as well. In the case of discrete data, we

can similarly describe constraints on the relative order of the sequence of means in terms of finite

differences. Extensions beyond the bivariate case are easily incorporated into the framework that

follows.

A few examples serve to illustrate the idea of thinking about theories in terms of shapes and

issues of testing alternative shapes.

2.1 Example: Campaign finance

What can learn about the motives of PACs based on observing the relationship between the pro-

portion of contributions raised by a Democratic candidate in a district, zi, and the probability

that the Democrat will win the election, pi? The shape of the relationship between zi and pi offers

the basis for distinguishing between a world exclusively of investors and another where there is a

mixture of investor and partisan supporters.

Snyder (1990) investigated a model of investors and candidates, where candidates maximize their

fundraising by selling all their available future services. The model implies that the equilibrium

relationship between the proportion of money investors give to the Democrat in a district and

the probability that she will win is. This function is illustrated in Figure 1(a). Snyder (1990)

also considered another model of investors and candidates wherein candidates who have a high

probability of winning reduce the amount of services they are willing to sell. As such, some

candidates do not maximize their contributions from investors. The equilibrium relationship for

this is illustrated in Figure 1(b).

An alternative to a model with only investor contributors is a model wherein candidates are

funded by both investors and partisans. The equilibrium relationship between winning and pro-

portions is illustrated in Figure 1(c). This comparative static can be derived generalizing a model

with candidates supplementing investor money from parties (Baron, 1989), or from a joint game

with both investors and partisan contributors.

The differences between these three figures lie primarily in their qualitative shapes. The model

in Figure (a) alone has an implication for parameter values and functional form: pi = α + βzi,

where α = 0 and β = 1. In contrast, the precise form and location of the other figures will depend

on details of the functional form of how money maps into votes, and the unknown ratio of investors

to partisans.

Figure 2 shows the fitted values of three models; the most restrictive model, 1(a), actually
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(c) Model 2

Figure 1: Equilibrium relationships between proportion of contributions to Democratic candidate
and probability of Democrat winning in a district. Model 1(a) and (b) illustrate behavior among
investors. Model 2 illustrates behavior among a group composed of both investors and partisans.
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(a) Model 1(b): Symmetric, dip
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(b) Model 2: Symmetric, monotonic
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(c) Model 3: Unrestricted

Figure 2: Fitted probabilities from Bernoulli model of Democratic victory in a district by pro-
portion of money raised by the Democratic candidate. Linear B-splines with knots at k =
(.148, .15, .85, .852) in 1(a) and 2(a); additional knots at (1/3,2/3) are included in 2(b) and 3(a).
Rug at bottom and top of plots show location of observed Republican and Democratic victories,
respectively.
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requires no estimation, and simply equates the probability of winning to the proportion of money

raised. Details of the method of fitting these curves is described in the applications section.

In each plot, the x-axis is the proportion of contributions in a district from economic PACs

raised by the general election Democratic candidate. The y-axis is the associated fitted probability

of the Democratic winning in the district. The rug of vertical dashes at the top at bottom and

top of each plot shows the location of observed Republican and Democratic victories in districts,

respectively. The dashed grey diagonal line marks the values at which proportions are equal to

probabilities.

These curves were previously estimated and compared in an earlier paper (Wand, 2010). How-

ever, the means by which the models were compared left open questions, including how to address

the issue of making multiple comparisons between pairs of models.

2.2 Example: child mortality and democracy

Testing theories based on the shape of a functional relationship extends to informal and qualitative

hypotheses, as well as to functions of data that are not continuous. A common applied problem

is testing theories that map ordinal scales to outcomes of interest. The types of theories that are

tested are whether there is an significant positive or negative relationship between two variables.

For example, scholars have investigated whether there a connection between a country’s democ-

racy score and child mortality rate? Many have argued in the affirmative including Przeworski,

Alvarez, Cheibub, and Limongi (2000) and De Mesquita, Smith, Siverson, and Morrow (2005). In

contrast, Ross (2006) argues that with enough controls and imputed data, there is no relationship

between democracy and child mortality rates.

The raw data is plotted in Figure 3(a). The data is jittered along the horizontal axis in order

to minimize obscuring data with similar values, but there is only 21 different polity score values.

These are thought to be discrete and ordinal, with the least democratic countries at -10 and the

most democratic countries at 10.1

of

With a fixed and finite set of categories, it is possible to summarize the data without imposing

any particular structure, such as showing the means and confidence intervals of the means for each

category. This is illustrated in (b). The appeal of this approach is that one can observe the variation

over the polity scale in the average child mortality. The main reason that people do not use this, I

would argue, is that there is not enough data reduction. Instead of a single summary statistic, there

are 42 (21 means and CI). The undulating means moreover make describing the basic question of

whether there is an increasing function difficult for a researcher to describe. A researcher is faced

with the question of which, if any, of the observed differences in means are significant.

The simplest test would be to ask whether all the means are the same; this is a very useful null

hypothesis to evaluate, but if rejected, it says nothing about which means are different or the shape

of the relationship. One could make all possible pairwise comparisons, but this would require some

1There are also measurement problems with the ordinality of polity; see Treier and Jackman (2008).
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(e) Best monotonic function
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(f) Best unimodal function

Figure 3: Mapping polity to child mortality
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adjustment for the multiple comparisons, and still there is the difficulty of correctly formulating

tests using paired comparisons for evaluating the global question of a shape.

Ross (2006) considers whether the ordinal categories of Polity has a linear or quadratic rela-

tionship to child mortality rates (Figs (c) and (d). This is not special to Ross, and it turns out that

treating ordinal data as if it contained metric information is not the biggest problem. The structure

imposed by the parametric forms obscures a substantively important patterns in the data.

An alternative to the polynomial models is to ask whether the relationship is monotonic. Figure

(e) shows the best fitting monotonic mapping. Monotonicity is what researchers actually say they

want to test in most cases against the possibility that there is downturn. Figure (f) is the best

fitting unimodal mapping. The question addressed in this paper is how to adjudicate which of the

summaries in Figures (b)-(f) best describe the observed data.
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3 Comparing models and the Model Confidence Set

In seeking to adjudicate among the shapes of curves, there are two challenges,

1. Often there are more than one possible model.

As such, we are faced with making multiple comparisons among the competing models. More-

over, in many situations there is not a benchmark or leading candidate model that should be

privileged as a null model, in a classical hypothesis testing sense.

2. Comparisons of shape constrained models are non-standard.

In pairwise comparisons between models, the distribution of test statistics are complicated

because models subject to shape constraints do not have fixed number of free parameters.

Here I sketch the key features of the method of selecting curves.

3.1 Model fit

The metric by which I assess the fit of the models is based on the Kullback-Leibler information

criterion (KLIC). Let,

Q(βj) = −2L(βj)

the log-likelihood evaluated at parameters βj . The population parameters β0j minimizes the value

of this function for model j. In the absence of shape constraints, for a correctly specified model,

the difference between the fitted β̂j and true Q value is distributed as,

Q(β̂j)−Q(β0j) ∼ χ2
k

with the expected degrees of freedom being k, the dimension of the parameter space β. This

is the basis for the likelihood ratio test, AIC, and similar tests. In shape constrained models is

probabilistic, Q(β̂j) − Q(β0j) is a distributed as a mixture of χ2 distributions; see the Appendix

for details. I employ the bootstrap approach of Shibata (1997) to estimating the effective degrees

of freedom of each model. For each bootstrap sample, b = 1, ..., B,

1. treat β̂j as the population parameter

2. sample Z∗
b = (Y ∗

b , X
∗
b )

3. calculate Q(Z∗
b , β̂j)−Q(Z∗

b , β̂
∗
b,j)

Then,

k̂∗j = B−1
∑

Q(Z∗b , β̂j)−Q(Z∗b , β̂
∗
b,j)

The key here is to assume that we obtain a measure of the bias of KLIC under the assumption

that the model is correctly specified by treating the estimated parameter values as the true values.

7



For shape constrained models, this provides the expected value of the mixture of χ2 distributions

under the null that the estimated model j is correct. In prior work, simulation approaches are also

used to characterize the distribution of weights in the mixture of χ2 distributions, yet the goal is to

obtain the expected degrees of freedom; the method here avoids the intermediate steps and obtain

this quantity directly.

Combining the effective degrees of freedom with the fitted Q, we have AIC∗ = Q(β̂j) + k̂∗j , a

variation on the classical AIC calculation. Like the classical AIC, this value could be used to rank

the models. However, neither AIC nor AIC∗ characterize the confidence we have in the selected

model being “best” among the alternatives.

3.2 Model comparison

Hansen et al. (2011) propose a method for identifying the set of best model(s), M∗, from a set

of potential models M1. The appealing properties of the MCS is that under weak regularity

conditions, as the sample size increases,

• The estimated set of best models, M̂∗, contains the true best models with probability 1− α,

where α is the size of the test. If more than one best model, there is an α chance that at

least one of the best will be rejected. I.e.,

lim inf
n→∞

Pr(M∗ ⊂ M̂1−α) ≥ 1− α

• As the sample size grows in the limit, all models not in M∗ are eliminated. I.e., in the limit,

the probability of the non-best model(s) being in the estimated set of best models, M̂∗ is

zero.

Hansen observed that under the null hypothesis H0,M that all models in M are equally good,

then E[Q(β0i)−Q(β0j)] = 0 for all i, j ∈M, and used this to motivate a test statistic

TM = max
i,j∈M

| [(Q(β̂i) + k∗i )− (Q(β̂j) + k∗j )]

If TM is large, then at least one of the models violates the null hypothesis. If the null hypothesis

is rejected, then the model with the worst value Q(β̂i) + k∗i is eliminated from the MCS, and the

process is repeated until the p-value associated with M is greater than α. The remaining models

that were eliminated are the MCS, M̂
Characterizing the distribution TM is achieved by simulation. The joint distribution for m

models of

{Q(β̂i) + k∗i −Q(β0i), ..., Q(β̂m) + k∗j −Q(β0m)}

8



is estimated by a bootstrap, taking the differences,

{Qb(β̂∗b,i) + k∗i −Qb(β̂i), ..., Qb(β̂∗b,m) + k∗j −Qb(β̂m)}

where Qb(β) is −2Log-likelihood for bootstrap sample b. Thus the bootstrap is generating the

difference between Q fitted to the bootstrap data set and the fit conditional on the parameters

estimated from the original sample β̂. Thus the bootstrap is generated under the null assumption

that all the models in the current set Mj are true.

4 Monte Carlo Study

I examine the finite sample performance of MCS and alternatives in a set of Monte Carlo studies.

There are two main questions addressed here. First, how well do different methods perform in

selecting true model? Here, I compare MCS using AIC∗, AIC∗ without MCS, and AIC. Second,

does a polynomial model correctly characterize the qualitative features of the curve?

4.1 Design

The DGP are shown in Figure 4, and details are given in the Appendix. In all these cases, x takes

on integer values between 1 and 7. Although the model y = f(x) will be observed only at discrete

values of x, the mean values in models (a)-(c) are consistent with polynomial models. Models

(d)-(g) do not conform to (simple) polynomials but are either monotonic or unimodal. Model (g)

has no simple structure to the sequence of means.

Matching the range of data generating processes, I estimate separate models which each adhere

to one of the following hypotheses about the mean, µj = E(y | x = j):

H0 : µ1 = ... = µj = µj+1 = ... = µk (constant)

H1 µ = β0 + xβ1 (linear)

H2 µ = β0 + xβ1 + x2β2 (quadratic)

H↗ : µ1 ≤ ... ≤ µj ≤ µj+1 ≤ ... ≤ µk (mono inc.)

H∩ : µ1 ≤ ... ≤ µj ≥ µj+1 ≥ ... ≥ µk (umbrella)

HA : µj T µj′ (unconstrained)

The sample size in each MC is N = 500. The number of simulations for each DGP is B = 250.
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Figure 4: Shapes of f(x) = E(y | x) in Monte Carlo studies. y = f(x) + ε, where ε ∼ N(0, 1)
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Frequency selecting true model Rejecting

True shape M̂1−α AIC∗ AIC linearity monotonicity

constant 97.2 82.8 81.2 4.0 4.8
Linear 96.4 77.6 78.0 4.0 0.0
Step 93.2 72.8 0.0 100.0 99.2
Quadratic 96.0 93.2 93.2 100.0 100.0
Unimodal 0 95.2 83.6 0.0 100.0 100.0
Unimodal 1 95.2 81.2 0.0 19.6 0.0
Unimodal 2 95.2 81.2 0.0 12.8 0.0
Oscillating 100.0 100.0 100.0 99.2 0.8

Table 1: Monte carlo results for selecting correct model, and for hypothesis
tests on polynomial models.
Notes: Test size is α = 0.05 for MCS selection, and the tests of linearity
and monotonicity.
Sample size of each MC is N = 500, number of simulations per model is
B = 250.

4.2 Model selection

Results from the MC analysis are presented in table 1. The first three columns show the percentage

of simulations wherein the correct model was identified. The last two columns show the percentage

of simulations wherein the hypothesis of linearity is rejected, and the hypothesis of monotonicity

is rejected.

MCS performs well, correctly identifying the functional relationship respecting the true shape

with probability greater than 1−α. In contrast, using AIC∗ performs considerably worse in almost

every case. Simply correcting for the expected bias of KLIC for each model is not enough to provide

the correct ordering of models. And yet it is important to note the correction alone is responsible

for a vast improvement over a standard AIC calculation. For simulations which are not based on

a polynomial form, AIC never selected the correct model.

The proper performance of the MCS is not simply a matter of whether the true model is included

in M̂1−α, but also whether it excludes the wrong model. In short, MCS always excluded the wrong

model in all but one set of the simulations, and in that one simulation it included the wrong model

less than 1 percent of the time.

The “wrong” models is not simply all models other than the DGP, since some shapes encompass

others. A monotonic curve can be fit by a unimodal curve which places the modal at an extreme

of the range of x. A linear curve can be fit by a monotonic curve, although the later uses more

parameters. Similarly an inverted-U shape curve can be fit by a unimodal curve. I enumerate here

the models wrong models for each DGP in Table 2.

For no parameter values can these wrong models represent the DGP used in the particular

simulation. Again, in almost no cases does the estimated best MCS include the wrong model.
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True model Wrong model(s)

Constant none (all models have constant as special case)
Linear constant
Step function constant, linear, quadratic
Quadratic constant, linear, monotonic
Unimodal constant, linear, monotonic, quadratic
Oscillating all models listed above

Table 2: Enumeration of wrong models for each true model.

4.3 Polynomials and inferring shapes

The logic of using polynomial in regressions is often used to argue for or against the presence of

a non-monotonicity in the data. It is of some interest whether tests based on simple polynomials

reliably identify the qualitative features of monotonicity or unimodality. The MC studies offer

examples of just how poorly polynomials can perform in the task of providing inference about basic

qualitative features of a functional relationship.

The performance is as we would expect in cases where the data is generated by a polynomial.

In the case of a linear relationship, the polynomial performs as we would expect. Given a test

level α = 0.05, the true model was rejected against a quadratic alternative in the MC at about the

correct rate (0.04). Even in these cases, however, monotonicity was never rejected. Conversely, in

the case of a quadratic relationship, linearity and monotonicity are always rejected.

The polynomial based tests do not perform well more generally. In the case of step function,

which is weakly monotonic, tests on a polynomial almost always falsely rejected monotonicity. In

the lopsided unimodal curves, the polynomial models falsely fail to reject non-monotonicity. Figures

illustrate what is going on in these case.

Data from a unimodal function MC is plotted in Figure 5(a). The true means are indicated

by the solid squares, and are increasing and then decreasing. The box-plots show the median and

the interquartile range of a simulated set of draws from these means. In (c), we observe that

the quadratic function is incapable of both characterizing the increasing means and the downturn,

and the hypothesis of monotonicity is not rejected. This difficulty in detecting a downturn is not

simply a problem of small finite samples, but rather the relative inflexibility of the polynomial and

the requirement that the same polynomial describe all the data. More flexible alternatives (e.g.,

splines, local regressions) exist, but they have their own issues in data with a small number of

ordered categories in a regressor that is commonly used by researchers.

Failure to detect a downturn might seem a modest problem. However, including a quadratic

term in a model can also lead us to the incorrect inference regarding the monotonicity of a rela-

tionship. Failing to find a pattern there is something we are accustomed to; finding a pattern that

does not exist is far more troubling.

Consider a weakly monotonic process, indeed a single mean shift wherein, A summary of data
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Figure 5: Non-monotonic f(x): skewed unimodal
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Figure 6: Weakly monotonic f(x): step function

generated from this process is plotted in Figure 6(a). The appeal of a linear model is the simplicity

of estimation, and ability to summarize and interpret the estimated quantity. In this case the

linear model also happens to come to the correct view that the data is increasing (and monotonic),

although it obviously misses the fact the the data is actually compose of only two distinct mean

values.

Yet a researcher would not infer that the process is monotonic if they ran a higher order

polynomial. The fitted values of the quadratic is able to come much closer to the means as shown

in Figure 6(c), and yet would lead us to incorrect inference regarding the monotonicity of the

mapping between x and y. Even with modest samples sizes, we would almost always reject the

monotonicity of the fitted quadratic model.

Fitting polynomials via least squares (or other loss functions) is not concerned with the shape.

The goals is to reduce the the difference between fitted and observed values, and this may imply
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shapes that are a property of the process generating the data.

There is rarely a good reason to use polynomials, particularly when a covariate takes on ordinal

values. The appeal of polynomials mainly lies in the easy of summarizing the data in terms of

direction of change and the average change by value of x. While these are useful pieces of information

to report, the additional piece of information on the shape of the functional relationship hinges on

either analyzing the shape of the sequence of means or evaluating the shape based on a flexible

estimator, such as the B-spline (Wand 2010).

5 Applications

5.1 Theories of campaign contributions

Using data from 1982–1986 open House seats, Snyder (1990) argued that the pattern of contribu-

tions from economic Political Action Committees (PACs) were consistent with these groups acting

as investors, like Figure 1(b).2 In this section, I replicate Snyder’s findings using the B-spline

framework, and compare the shape implications of an investor-only hypothesis and an alternative

hypothesis that contributions from economic PACs are motivated by a mixture of partisan and

investor interests.

Here I consider five nested models are considered with varying constraints on the regressions

parameters. The dip model, 1(b) impose z = p only between (0.15, 0.85). The curve is constrained

to be monotonic, symmetric, and have p = 0 at z = 0 (and by symmetry, p = 1 at z = 1). Additional

knot locations (0.148, 0.852) were selected by maximizing the likelihood of the dip model; so in all

knots are located at (0.148, 0.15, 0.85, 0.852). The models are fitted by maximizing a Bernoulli

likelihood with the fitted probabilities produced by the linear B-spline regressions constrained to

lie in [0,1]. The knot locations in this application are chosen to maximize comparability with the

prior study by Snyder (1990). The knots includes (0.15, 0.85) which he argues are the location of

the beginning of the dips, and (1/3, 2/3) which he uses to uses as an omnibus specification test

against the linear model.

Model 2(a) removes the restriction that z = p between (0.15, 0.85), but still requires the

estimated probabilities to be monotonic. The second monotonic model, 2(b), allows the derivatives

to change at (1/3, 2/3) but is otherwise the same as 2(a). Both of these models conform to the

type of restrictions implied by Figure 1(c). Two unrestricted versions of the preceding models are

also estimated, 3(a) and 3(b), differing respectively only by the exclusion and inclusion of knots at

(1/3, 2/3). Note that all of the models are nested within 3(b), while 2(b) alone is not nested within

3(a).

While the estimated model 1(b) fits a noticeable dip, removing the restriction that zi = pi

between (.15, .85) with model 2(a) leads to a curve that moves in the direction toward the S shaped

curve seen in Figure 1(b). Allowing changes in derivatives at (1/3, 2/3) with model 2(b) moves

2Economic PACs is used as a short hand for PACs that declare to the FEC sponsorship by a corporation, union,
cooperative, or Trade/Health/Membership group.
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Probability of χ̄2 = −2(Lrow − Lcolumn)

Max. Number Log-lik. j vs 1(a) j vs 1(b) j vs 2(a)
Model (j): of Parm (mj) Lj Linear Null Dips Null Mono. Null

1(a): Linear Equality 0 −47.03
1(b): w/ symmetric dips 1 −46.59 0.18
2(a): Symmetric, monotonic 2 −44.44 0.06 0.03
2(b): w/ knots at (13 ,

2
3) 3 −43.81 0.07 0.04 0.48

3(a): Unrestricted 6 −42.92 0.22 0.89 0.34
3(b): w/ knots at (13 ,

2
3) 8 −42.46 0.99 0.89 0.34

Table 3: Model fit statistics and comparisons.

further still toward an S shape. Removing all shape restrictions, Model 3(b) has an upward twist

in districts where Democrats got a small proportion of contributions, but the shape of the curve is

not fundamentally changed from 2(b) in districts where they received a majority of contributions.

The differences between the fits of the models are summarized in Table 3. The first column

shows the maximum number of unconstrained parameters that are estimated, and the second

column shows the log-likelihood of the model. The question is how to compare the fitted models.

Pairwise approach

One approach to testing would be to perform pairwise comparisons, ignoring the issue of multiple

comparisons. The remaining cells in Table 3 show the probabilities from the hypothesis tests

comparing the model in a row to the null model specified in the column heading.

Against the null of the linear model, one cannot reject the dip model or the unrestricted models.

This is consistent with the conclusions of Snyder (1990). However, a researcher could reasonably

treat the difference between the linear model and the monotonic models as significant, p=.06 for

2(a) and p=.07 for 2(b). How does one reconcile these results? As previously noted by Snyder

(1990) the dip model only has a small fraction of the data identifying any difference between it and

the linear model. The effective sample size of the comparison is only 36 because between (.15, .85)

the observations contribute nothing to the difference in the likelihoods. The unconstrained models

have 6 and 8 parameters, so the probability of seeing χ2 values at least as big as the observed

8.2 and 9.1, respectively, is relatively large. Compared to the unrestricted models, the number

of free parameters in symmetric monotonic models is cut by more than half while χ̄2 values are

reduced by less than half to 5.2 and 6.4. As such, we see the flexibility of the unrestricted models

is unproductive, and the additional parameters impede our ability to discern, from a hypothesis

testing perspective, a significant pattern in the data that deviates from the linear model.

I also consider as alternative hypotheses two other models in the last columns of the table. The

null hypothesis of the dip model 1(b) is rejected against either of the monotonic models, p = 0.03

and p = 0.04, while again the over-parametrized and unrestricted model leads to no rejection of
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Iteration Model to

j H0,Mk
p-value MCS p-value M̂j eliminate

1 0.034 0.034 Dip, Linear, Symmetric-mono, Unrestricted Dip (1b)
2 0.032 0.034 Linear(1a), Symmetric-mono, Unrestricted Linear (1a)
3 0.292 0.292 Symmetric-mono (2b), Unrestricted (3b)

Table 4: Sequence of MCS tests

the null. The null hypothesis of the monotonic model 2(a) which omits knots at (1/3, 2/3) cannot

be rejected against either the more flexible monotonic model 2(b) or the unrestricted models.

What one may note form this approach, beyond the length it requires to discuss the alternatives,

is two troubling features. To make any comparison requires choosing a particular model as the null

model, despite the fact is no natural order in which to perform the comparisons. Second, it is not

clear how to adjust the size of the tests for the multiple comparisons being made, since the order

in which the comparisons are made, and indeed the number of comparisons were idiosyncratic to

the way in which I sought to compare results with prior research.

MCS approach

The MCS approach avoids these issues, and yet leads us to the same conclusion: the symmetric

monotonic curve is among the best fitting models, and this is not worse fitting than an unrestricted

curve. Table 4 lists the iterative sequence of hypothesis tests on a proposal for a set of best models,

and the associated p-values, and the model to be eliminated. I restrict the analysis to the linear

and dip models, along with the monotonic and unrestricted curves which add knots at (1/3,2/3).

The H0,Mk
p-value column reports the p-value for whether the set M̂j includes only the best

models. the MCS p-value is the cumulative maximum of the test of the tests on each subset. M̂j

reports the set of models that is evaluated by H0,Mk
p-value. When H0,Mk

p-value is less than

alpha = 0.05, the worst model in the set eliminated; the final column reports the names of the

model that will be eliminated prior to the tests in the next row.

In the first two iterations, the dip and then the linear model are eliminated. However, the

symmetric-monotonic model is the best theoretically motivated curve, and is not worse than unre-

stricted model.

5.2 Democracy and Child welfare

Consider what we would learn from examining the relationship between polity scores and child

mortality using polynomial regressions. The fits for each variant of the model are shown in Table

5, and the sequence of MCS tests are shown in Table 6

We find a significant decline in mortality as we move from the least democratic countries to the

most democratic countries, as reflected in the linear model. The quadratic model fits better than

16



Q AIC AIC∗ k k∗

Constant 1575.5 1579.5 1578.5 2 1.5
Linear 1314.5 1320.5 1320.5 3 3.0
Quadratic 1253.2 1261.2 1261.9 4 4.4
Unrestricted 1184.3 1228.3 1230.6 22 23.1

Table 5: Fit statistics for polynomial models of child mortality and polity

Iteration Model to

j H0,Mk
p-value MCS p-value M̂j eliminate

1 < 0.001 < 0.001 Constant, Linear, Quadratic, Unrestricted Constant
2 < 0.001 < 0.001 Linear, Quadratic, Unrestricted Linear
3 < 0.001 < 0.001 Quadratic, Unrestricted Quadratic
4 1 1 Unrestricted

Table 6: MCS tests restricted to polynomial models of child mortality and polity

Model to

j H0,Mk
p MCS p M̂j eliminate

1 < 0.000 < 0.000 Constant, Mono, Linear, Quadratic, Unimodal, Unrestricted Mono
2 < 0.000 < 0.000 Constant, Linear, Quadratic, Unimodal, Unrestricted Constant
3 < 0.000 < 0.000 Linear, Quadratic, Unimodal, Unrestricted Linear
4 < 0.000 < 0.000 Quadratic, Unimodal, Unrestricted Quadratic
5 0.084 0.084 Unimodal, Unrestricted

Table 7: Sequence of MCS tests for full set of models of child mortality and polity

the linear model with a reversal of the general increasing mortality as democracy diminishes, with

the least democratic states appearing better off.

Despite the significance of the coefficients in these models, we can reject all of the polynomial

models against an unrestricted set of means for each of the polity score categories. By an LRT test,

AIC, AIC∗, or the MCS test, the unrestricted model fits significantly better than the parametric

models.

However, we come to a substantively important different conclusion when we add into the

comparisons a monotonic and a unimodal curve as alternatives. The results of this expanded MCS

test is shown in Table 7. The monotonic curve is eliminated first—the function is not simply

increasing, and the less restrictive model is less efficient than the linear model at giving us a

misspecified model of the data. The unimodal model remains standing in the end. While the MCS

p-value is on the edge of significance, relative to the quadratic model it fits the data much better.
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6 Concluding Remarks

In concluding, I address key questions about the applicability and generalizability of the methods

in this paper.

How often do theories speak to shapes?

In the absence of a theory, imposing derivative/shape restrictions on an estimated relationship

between variables might be puzzling. Commenting on early work employing shape restrictions in

smoothers, Hastie and Tibshirani (1988, 451) bluntly ask “why monotonicity?” in the context

of exploratory smoothing analysis. However, many theories that occupy the interest of political

scientists posit a relationship beyond a single mean difference and (implicitly or explicitly) involve

a hypothesis about a shape.

In terms of testing formal models, it is with regards to comparative statics that a flexible

but shape constrained machinery is most clearly needed. The derivation of monotone comparative

statics (Milgrom and Shannon, 1994) provides a fruitful approach to developing testable implication

about relationships that avoid relying on ancillary functional form assumptions. However, the

current number of political science applications are rare (Ashworth and Mesquita, 2006).

In more general terms, the key question is not whether our current theories provide adequate

guidance as to the shape of relationships, but rather whether raising the possibility of testing shapes

bring to light new insights within existing theories or stimulates the formulation of new theoretical

analysis.

When are fully automated non-parametric methods useful?

There exist sophisticated methods for fitting curves in a data driven manner. However a curve is

estimated, a researcher will still face the challenge of testing shapes. When an automated procedure

finds a pattern that does not conform to any known theory, the question at the core of this paper

will remain: how different is the discovered shape from other shapes that are motivated by theory?

In so far as the researcher has a hypothesis, it is these insights that need to be evaluated as part of

the data analysis. The framework here is designed to elicit the researcher’s insights and translate

them into meaningful restrictions about which we would like to evaluate. Except in the context

of purely exploratory summaries of the data, the empirical engagement of competing explanations

for social, economic, and political processes will remain a “mixture of rigorous theory, experienced

judgment, and inspired guesswork” (Achen, 1982, 79).

A lesson from the campaign finance application is the importance of comparing theoretically

motivated alternative hypotheses. But conditional on selecting a best fitting model, it is also

important to know whether any constraints imposed by the model are doing violence to the data.

It is as a omnibus specification test that unrestricted semi- or non-parametric model are useful; see

Yatchew (2003, section 6.4) for a recent review of specification testing.
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Where should we look for complexity in our models?

The complexity in most empirical studies lies in the dizzying array of covariates that are included.

The approach adopted here takes a different approach, which is to attempt to understand theories

in so far as they imply non-trivial relationships between a small number of variables. In the case

of campaign finance, this suggests researchers look at a subset of cases (open seat races) which are

most directly applicable to the theory. In the case of models of roll rates, the key questions at

stake hinge on only a handful of variables: future advances in refining our understanding are likely

to follow from studying substantively interesting subsets of final passage votes rather than adding

covariates.

It is possible to combine the method of testing shapes conditional on the partial effects of other

covariates. The easiest approach to combining multiple unidimensional shape constraints or other

unconstrained functions being the framework of generalized additive models (Hastie and Tibshirani,

1986). However, the approach of this essay compounds the virtue of studying parsimonious models

Achen (2002). The importance and potential rewards to studying a tractable number of variables

increases when seeking to understand complex, often non-linear relationship between variables.
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7 Appendix

7.1 Linear approximations in regressions

The coefficients in the ordinary least squares equation

Yi = β0 + β1X1i + β2X2i, . . . , βkXki + εi (1)

can be interpreted as (approximately) the partial derivatives of a (possibly) non-linear function

evaluated at the average value of explanatory variables (X̄1, X̄2, . . . , X̄w),

Yi = f(X1i, X2i, . . . , Xwi) i = 1, . . . , n (2)

for k ≤ w.

Achieving linearity hypothesis assumes that second and higher order derivatives are negligible

in magnitude or that the observed changes in X around the means are small.

The exclusion of w−k variables relies on either the zero deviation condition (Xji−X̄j = 0 ∀i) or

an orthogonality assumption (the cross partial derivatives with the k included variables disappear).

The intuition for this interpretation is presented in Cramer (1969,79–83).

Bivariate regression

We are are interested in summarizing how much a change in x alters the value of y = f(x). We can

approximate the value of the function near a particular value x̄ based on the size of a small change

x− x̄ using,

f(x) ≈ f(x̄) + f ′(x̄)(x− x̄) + f ′′(x̄)(x− x̄)2/2 (3)

which is a univariate second-order Taylor expansion of g around x̄. If g is linear with slope β then

the derivatives beyond the first are equal to zero, and the change in the function takes on the simple

and exact form,

f(x)− f(x̄) = f ′(x̄)(x− x̄) = β(x− x̄) (4)

and we can rearrange

y = f(x̄) + β(x− x̄) = β0 + β(x− x̄) (5)

where β0 = f(x̄). This is illustrative of an interpretation of the slope coefficient in a bivariate

regression.
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Multivariate case

A useful point around which to expand the function is the point where each explanatory variable

is set to its mean (X̄1, X̄2, . . . , X̄w), thereby defining the outcome value,

Y0 = f(X̄1, X̄2, . . . , X̄w)

The choice of these points around which to expand the function will become clear in the context

of regression.

Yi = Y0 +
∂f(X̄)

∂X
dx+

1

2
dx′Hf(X̄)dx (6)

where dx = (X1 − X̄1, . . . , Xw − X̄w). Dropping the higher order derivatives, and expanding the

notation we have

Yi = Y0 +
∂f(X̄)

∂X1
(X1i − X̄1) + · · ·+ ∂f(X̄)

∂Xw
(Xwi − X̄w) + εi (7)

Replacing the notation of the partial derivatives,

βj =
∂f(X̄)

∂Xj
(8)

and

β0 = Y0 −
k∑
j=1

βjX̄j (9)

7.2 Testing location of maxima in polynomials

For the purpose of illuminating the limits of traditional methods, it is useful to consider the modal

political science model of x and y, and the use of polynomial function in least squares regressions.

The quadratic model has the standard form,

yi = β0 + xiβ1 + x2iβ2 + εi xi ∈ {1, ..., k} (10)

Although simple in form, the quadratic model has posed challenges to researchers a number

of challenges. Rarely is the point estimate of the location of the extremum determined, even less

often is there an attempt to characterize the uncertainty about the location of the extremum.

Scholars are content to evaluate the individual significance of β1 and β2, which are necessary but

not sufficient for answering questions about the shape of the curve.

The quadratic model has extremum where slope of curve is zero as a point on real number line
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(rather than an index value). The extremum is found at the solution to the FOC of the quadratic

function,

arg max
x

f(x) = {x : dy/dx = 0} = −β1/(2β2)

If ĵmax < 1 or ĵmax > K then there is no interior extremum, and instead the extrema on teh

support of the data is at each end of the ordinal scale, and curve if monotonic. This point is often

missed. The suggestion by Stimson, Carmines, and Zeller (1978) for an alternative more intuitive

representation of the quadratic model has not been widely adopted; likely because of the additional

complexity for the researcher.

Note that the location of the maximum is a function of two estimated quantities. Confidence

interval around point estimate can be calculated by the Fieller or Delta methods. Can also motivate

tests based on significance of derivatives of the quadratic function, finding interval where first

derivative is different from zero. The derivative of quadratic is a linear function of the parameters,

and hence the the point wise standard error is actually easy to calculate; for an application see

Lind and Mehlum (2010). The Union-Intersection test of derivatives at endpoints of x is,

min | β̂1 + 2β̂2x

V (β̂1 + 2β̂2x)
| > tα

7.3 Defining functions with B-splines

The B-spline decomposition of a variable provides a flexible method for describing an arbitrary

function, yi = f(xi). In general, a B-spline has the virtues that (a) it is able to describe a

broad class of relevant shapes; (b) it is able to define the shape constraints by a relatively small

number of parameter restrictions; and (c) in some cases enables competing shapes to be defined

by nested restrictions on parameters. These features make testing competing theories particularly

tractable. The use of splines for approximating and estimating particular shapes has a long history

in statistics, engineering, and economics (Laurent, 1969; Wahba, 1973; Wright and Wegman, 1980;

Beliakov, 2000). I summarize here only the properties are that are key to their use in estimating

and testing shapes. Comprehensive treatments of B-splines are provided by De Boor (1978) and

Dierckx (1993).

A B-spline decomposition transforms a variable x into a set of truncated basis functions, with

the mth basis written as,

hm,k+1(x) = (λm+k+1 − λi)
k+1∑
j=0

(λm+j − x)k+∏k+1
l=0,l 6=j(λm+j − λm+l)

The k and λ parameters determine the smoothness and flexibility of the curve. The individual

{λ1, ..., λM} are a sequence of “knot” locations which specify locations along x where the derivatives

of f(x) can change. Weighting the mth truncated power function hm(x) by a coefficient θm and
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Restriction Description

1) θm − θm−1 > 0 f(x) increasing between (λm−1, λm)

2) θm − θm−1 = 0 f(x) flat between (λm−1, λm)

3) θm − θm−1 < 0 f(x) decreasing between (λm−1, λm)

4)
θm+1 − θm
λm+1 − λm

=
θm − θm−1
λm − λm−1

f(x) linear between (λm−1, λm+1)

5)
θm+1 − θm
λm+1 − λm

>
θm − θm−1
λm − λm−1

f(x) convex between (λm−1, λm+1)

6)
θm+1 − θm
λm+1 − λm

<
θm − θm−1
λm − λm−1

f(x) concave between (λm−1, λm+1)

Table 8: Properties of f(x) via restrictions on linear B-spline coefficients

taking the sum defines a curve in terms of x,

f(xi) =

M+1∑
m=0

θmhm(xi)

Of particular interest is the fact that the shapes of the curve f(x) can be described in terms of

linear functions of spline coefficients θ, and each coefficient θm has only effect on the sub-interval

of x. This enables shapes to be flexibly fit over the ranges of the variable. Table 8 summarizes

the mapping between the restrictions on linear B-spline coefficients and the shape of a curve f(x).

The sign of the slope of each segment is determined by the difference in adjacent parameters,

Restrictions 1-3. A function f(x) is linear between λm−1 and λm+1 if Restriction 4 holds. The

function is globally linear (i.e., equivalent to yi ∝ xiβ) for all xi if Restriction 4 holds for every

knot λm; as such, linear functions are nested within the more flexible B-spline model. A unimodal

curve follows from requiring the curve to be monotonically increasing over a set of knots, and then

monotonically decreasing thereafter. Convexity or concavity can be described by differences of

differences of parameters and knot locations as described in Restrictions 5 and 6.

Given a particular theory and set of data, the estimation challenge is to find the best fitting

model subject to the constraint of respecting the shape constraints. In the empirical applications

of this paper, curves f(x) are fitted based on maximizing a likelihood criterion, and an adaptive

logarithmic barrier approach is used to enforce the boundary constraints on parameter inequalities

to achieve particular shapes (Lange, 2010). In the context of linear regressions, solving the first

order conditions of the model subject to inequality restrictions on parameters can be formulated

as a quadratic programming problem.

The values of k and λ determine the smoothness and flexibility of the curve. Given M interior
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Figure 7: Linear B-spline decomposition of x ∈ (0, 1) with λ = (1/3, 2/3)

knots, we have M + 2 basis functions (hence there are four distinct separate lines plotted). The

function f(x) has at most the number of sign changes in derivative as the number of coefficient sign

changes (Schumaker, 1981, Theorem 4.76). Smoothness of the spline at knot locations is determined

by the order of the basis function. The first k-1 derivatives are defined at a knot.

The shapes of the curve are determined by the relative values of adjacent coefficients in the vector

θ, and many properties of curves can be specified in terms of restrictions on linear combinations of

θ. Table 8 summarizes the mapping between the restrictions on linear B-spline coefficients and the

shape of a curve f(x).

Figure 7 provides an example of a B-spline decomposition of a continuous variable x on the

interval (0,1), using a spline of order 1 (linear) and two interior “knots” located at λ = (1/3, 2/3).

In most circumstances there are implicit knots at the limits of a variable, either specified by prior

knowledge or determined by the empirical bounds of the variable.

Figure 8(a) is a linear function built from the B-spline decomposition. A monotonic (weakly)

increasing curve follows from having Restriction 1 or 2 hold for all m, as illustrated in Figure 8(b).

Non-monotonicity in Figure 8(c) occurs because θ3 − θ2 = −0.1 < 0. Note the contrast between
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(c) θ = [0, .5, .4, 1]

Figure 8: f(x) for values of θ, given λ = (1/3, 2/3),

figures (b) and (c) illustrates the local effects of the parameters: changing θ2 = 0.5 to θ2 = 0.1

between affects only the first two line segments but not the third.

The figures in 8 highlight the issue of smoothness (or lack thereof) at knot locations of linear

B-splines, depending on the rate of change of the slope across adjacent segments. Neither (b) or

(c) are smooth functions, since the first derivatives of f(x) are discontinuous at the knots.

Greater smoothness at knot points, and greater flexibility elsewhere in the function are achiev-

able using higher order polynomials in specifying basis functions. In the applications that follow,

however, there is no significant gain in using higher order B-splines in terms of fit and hence does

not warrant the additional analytical and computational complexity needed to impose shape con-

straints. The best fitting curves in the applications look more like (b) than (c), and the former is

not much outdone by using higher order B-splines. In most practical setting, adding flexibility and

achieving better fits through additional knots may require fewer parameters and more easily derived

constraints than moving to higher order B-splines. De Boor (1978) provides a succinct presentation

of the formulation and properties of higher order B-splines; the core logic is nonetheless the same.

The dependence of splines on the choice of knot locations λ is a limitation for exploratory

data analysis, but a virtue for testing specific shapes motivated by shapes. When theory provides

guidance as to the location of knots one can use this prior knowledge. It is also possible to treat

knots as parameters to be estimated Friedman (1991). In all cases, it is important feature of the

data to know if the fitness of the model is sensitive to reasonable variations of knot locations and

this should be checked as part of careful data analysis.

7.4 Inference with inequality constraints on parameters

The differences between testing multiple equality and inequality restrictions can most simply be

described analytically and graphically in the context hypothesis tests on two independent and nor-
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mally distributed variables. The logic of the framework generalizes to greater number of restrictions,

and other distributional assumptions.

Let ∆̂ = (∆̂1, ∆̂2) be a pair of parameters distributed as a bivariate normal (∆̂ ∼ N(∆, I)),

where ∆ is unknown and I is an identity matrix. The reader might find it useful to think of these

parameters as means estimated from a sample of points, or as regression coefficients. To make

the direct connection to shape constrained inference consider that ∆j = µj − µj−1, a differences in

spline coefficients. The “hat” on the parameters indicates simply that these are realized draws from

the underlying population. It will be of interest to know whether ∆̂ could plausibly be observed

under a particular hypothesis about the value of ∆. Consider testing H0 : ∆ = (0, 0) against

HA : ∆ 6= (0, 0). Different draws of pairs of parameters are illustrated in Figure 9(a). In this

simple example, the probability that each ∆̂ is consistent with H0 is a function of its Euclidean

distance from (0, 0). For each point the distance of interest the length of the arrow. Since the

sum of k squared of standard normals is distributed χ2
k, the solution to P (∆̂2

1 + ∆̂2
2 < c) = 0.05 is

c = 6.08. The region of parameters wherein we would reject the H0 are all points outside of the

circle centered on (0,0) with radius
√
c. This is illustrated in Figure 9(b); for a point in the white

circle, a research would not reject H0 at the 0.05 level.

In the context of inequalities of parameters of B-splines, it will be of interest to test hypotheses

of the form H0 : ∆ = (0, 0) against an inequality-constrained alternative H ′A : ∆ > (0, 0). Again,

consider ∆1 = µ2 − µ1 and ∆2 = µ3 − µ2, such that H ′A would imply that the three line segments

associated with µ1, µ2, and µ3 are monotonically increasing.

The parameter space under the H ′A is restricted to the first quadrant, and to undertake this

test requires the additional step of finding the best fitting means ∆̃ that satisfy the constraints

of H ′A. If ∆̂ > 0 then ∆̃ = ∆̂, but otherwise some constrained optimization is needed under this

constraint, the closest points ∆̃ to ∆̂,

∆̃ =


(∆̂1, 0) if ∆̂1 > 0 and ∆̂2 < 0

(0, ∆̂2) if ∆̂1 < 0 and ∆̂2 > 0

(0, 0) if ∆̂1 < 0 and ∆̂2 < 0

For each of the ∆̂ plotted in Figure 9(a), the inequality constrained values are plotted as ∆̃ in

Figure 9(c).

The distribution of a standard test statistic for a hypothesis of a set of linear equality restriction

on a parameters (e.g., H0 : R∆ = 0 versus HA : R∆ 6= 0 is a function of the difference of the

dimensionality of models being compared. This difference in the number of free parameters is

simply r = rank(R). In the case of the H0 : ∆ = (0, 0) versus HA : ∆ 6= (0, 0), the difference

in dimensionality is r = 2, and the distribution of the distance ∆̂2
1 + ∆̂2

2 is χ2
2. How does the

distribution of the test statistic of inequality constrained parameters differ from unconstrained

tests of equality? When comparing models fit subject to inequality constraints the differences the

difference in dimensionality (i.e., the number of free parameters) has a stochastic distribution rather
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Figure 9: Geometry of test statistics and critical values
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than being a fixed number.

Cases where the unrestricted means lie in quadrant S1, the estimator has two free parameters.

Cases with ∆̂ in quadrant S2 and S4 have one free parameter (∆̂1 and ∆̂2, respectively). Cases

with unrestricted means that lie in quadrant S3 have no free parameters. Thus, the distribution of

∆̃2
1 + ∆̃2

2 is not χ2
2 in all four quadrants, but rather varies by quadrant. The conditional probability

distribution in each quadrant is,

P (∆̃2
1 + ∆̃2

2 < c′ | ∆̂ ∈ S1) = P (χ2
2 < c′)

P (∆̃2
1 + 0 < c′ | ∆̂ ∈ S2) = P (0 + ∆̃2

2 < c′ | ∆̂ ∈ S4) = P (χ2
1 < c′)

P (0 + 0 < c′ | ∆̂ ∈ S3) = 1

So for a given test size α, again the critical value c′ is determined by the solution to the equation

P (∆̃2
1 + ∆̃2

2 < c′) = P (∆̂ ∈ S1)P (χ2
2 < c′) + P (∆̂ ∈ {S2, S4})P (χ2

1 < c′) + P (∆̂ ∈ S3)

= 1/4P (χ2
2 < c′) + 1/2P (χ2

1 < c′) + 1/4

= 1− α

where the second equality holds since under H0, the probability of being in each of the four quad-

rants is P (∆̂ ∈ Si) = 1/4.

The geometry of the critical region given
√
c′ = 2.05 is plotted in the Figure 9(d). The crossed

areas indicate the kportion of the parameter space that is excluded by HA. For any point not in

grey, we would again fail to reject H0 against HA.

To illustrate the differences in inference and the trade-offs that follow from using either HA or

H ′A, Figure 10 overlays the two critical regions from Figures 9(b) and 9(d). The value of c′ is less

than the c in the unrestricted alternative, as such we gain power against H ′A when ∆̂ > 0. However,

we lose all power against cases where ∆̂ < 0: any case in S3 provides no information against the

null when the alternative is HA. Parts of S2 and S4 are also changed.

In general, the distribution of test statistics for comparing models subject to inequality con-

straints on parameters is a mixture of F or χ2 distributions (Wolak, 1987, 1989; Silvapulle and Sen,

2005). The general form of the p-value of equality versus inequality tests is,

Pr(χ̄2 > c) =

Q∑
q=1

Pr(χ2
q > c)wq

where Q is maximum number of unconstrained parameters, χ2
q is a chi-square random variable

with q degrees of freedom, and wq = Pr(q free parameters). Tests of inequality restrictions versus

unrestricted alternatives follow a similar logic but in reverse: the number of restrictions in the null

model is stochastic. Testing nested shapes implies that the number of parameters of both the null

and alternative models are stochastic.
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Figure 10: Comparison of unrestricted and restricted critical regions

7.5 Monte Carlo Details

The data generating process is of the form yi = I(x = j) × µj + εij where ε ∼ N(0, 1). The value

of the mean values for j ∈ {1, ..., 7} are shown in Table 9

For each model the sample size

µ1 µ2 µ3 µ4 µ5 µ6 µ7

Constant 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Linear 1.00 2.00 3.00 4.00 5.00 6.00 7.00
Step 4.00 4.00 6.00 6.00 6.00 6.00 6.00
Quadratic 1.75 3.00 3.75 4.00 3.75 3.00 1.75
Unimodal 0 4.00 4.00 6.00 7.00 6.00 6.00 5.00
Unimodal 1 4.00 4.00 4.00 4.00 8.00 8.00 6.00
Unimodal 2 4.00 4.00 4.00 4.00 7.00 7.00 6.00
Oscillating 4.00 6.00 5.00 7.00 6.00 8.00 7.00

Table 9: Population mean values in MC
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